Abstract. In this paper, among other results, we prove a conjecture from [3] concerning coincidence theorems for dominated polynomials; new information on non-coincidences for linear absolutely summing operators are also obtained. We also obtain an abstract version of Pietsch Domination Theorem (PDT) which unifies and generalizes several different nonlinear approaches; our result recovers, as a particular case, the well-known PDT for dominated multilinear mappings.
Introduction and background
Throughout this paper, n and m are positive integers, X will stand for a Banach space over K (real or complex scalar field). The Banach space of all continuous m-homogeneous polynomials P : X → Y, with the sup norm, is denoted by P( m X; Y ). When m = 1, we write X * to denote the topological dual of X. Its closed unit ball is represented by B X * . The notation cot X denotes the infimum of the cotypes that X assumes. For details on the theory of polynomials between Banach spaces we refer to [10, 15] .
Given r ∈ [1, ∞), let ℓ r (X) be the Banach space of all absolutely r-summable sequences (x j ) for every x 1 , ..., , x n ∈ X and n positive integer. The infimum of such C is denoted by P as(p;q) . The space composed by all absolutely (p; q) summing m-homogeneous polynomials from X to Y is denoted by P as(p;q) ( m X; Y ) and . as(p;q) is a complete norm (p-norm if p < 1) on P as(p;q) ( m X; Y ). An mhomogeneous polynomial P ∈ P( m X; Y ) is said to be r-dominated if it is absolutely ( r m ; r)-summing. For details we refer to [14] .
In [3] there is the following conjecture:
There is no infinite-dimensional Banach space X such that for every m ∈ N and every r ≥ 1,
For the case of Banach spaces with unconditional basis, the conjecture is verified in [3, Theorem 3.2] . The natural version of this conjecture for multilinear mappings is true (see [5, 12] ), but the proof for multilinear mappings does not seem to be adaptable to polynomials.
The paper is organized as follows:
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In Section 2 we obtain new coincidence results for vector-valued absolutely summing polynomials, extending previous results from [17] . As a particular case we obtain results related to the conjecture, but with K (in (1.1)) replaced by infinite-dimensional spaces Y . Precisely, we show that if X and Y are infinite-dimensional Banach spaces, then
for every r < 2m and m ≥ 2.
In Section 3 we prove the aforementioned conjecture on dominated polynomials and, in the last section, we prove an abstract PDT which generalizes, in particular, the well-known PDT for dominated multilinear mappings.
Coincidence results for vector valued polynomials
The idea of the proof of the following lemma has some connection with results that appeared in [17, 18] for spaces with unconditional Schauder basis, which are inspired in the classical paper [13] . There exist C 1 , C 2 > 0 and p ≥ 1 such that for every n ∈ N, there are y 1 , ..., y n in Y so that
for every a 1 , ..., a n ∈ K. If q < p and P as(q;r) (
Proof. The proof will be done by induction. Using the Open Mapping Theorem (recall that it is also valid for F -spaces; see, for example [20, pag 47]), one can find a K > 0 such that P as(q;r) ≤ K P for all continuous m-homogeneous polynomials P : X → Y.
Let m ∈ N, x 1 , ..., x m ∈ X and x * j ∈ B X * be so that x * j (x j ) = x j for every j = 1, ..., m. Let n be a fixed natural number and
Note that
We thus have P ≤ C 2 , P as(q;r) ≤ K 1 C 2 = K.
Note that, if k = 1, ..., n, we have
So, we have
Note that last inequality holds whenever
Again, by (2.2), it follows that In the next corollaries we will use that for any infinite-dimensional Banach space Y , we have sup{2 ≤ p ≤ ∞; Y finitely factors the formal inclusion l p → l ∞ } = cot Y. 
Corollary 1. Let X and Y be infinite-dimensional Banach spaces and p, q >
Proof. We can make p → ∞ in Lemma 1. We conclude that id X is (mq + ε, 1)-summing for every ε > 0. Hence mq ≥ 2 and cot X ≤ mq. In particular, if cot Y = ∞, then
for every q > 0 and r ≥ 2. Proof. From Corollary 5 the result follows for 2 ≤ r < cot Y . By invoking the well-known inclusion theorem for absolutely summing operators we conclude that the result holds for r < cot Y. Proof. Note that cot Y ≥ 2, so q < cot Y and we use the previous corollary.
Corollary 9 . If X and Y are infinite-dimensional Banach spaces, then
The case of (q, 1)-summability when cot X = ∞ is interesting: As we will see in this section, to give a precise answer to the conjecture, we need a finer argument than the one used in Lemma 1. Firstly, we prove a result similar to Lemma 1 with the restrictions m even and K = R. The second step is to show that this result can be extended to odd integers m; the third, and final step, is to show that the results can be adapted to the case of complex scalars. Let m ∈ N, x 1 , ..., x m ∈ X and x * j ∈ B X * be so that x * j (x j ) = x j for every j = 1, ..., m. Let n be a fixed natural number and (µ i )
Note that P x ≥ 0 for every x ∈ X. Also,
for every x ∈ X and every k = 1, ..., n. Note that
We thus have P ≤ 1, P as(q;r) ≤ K and obtain:
Note that the last inequality holds whenever 1−q and n is arbitrary, we conclude that id X is ( mq 1−q , r)-summing. Our main result, Theorem 2, will be a consequence of a combination of the previous theorem and the following lemma. The proof of the lemma is not very difficult but a little bit long and we omit it (this lemma seem to be part of the folklore of the theory; a proof appears in [16, Teorema 2.4.12] ).
It follows that
The following theorem works for spaces over R or C: A fortiori, the Conjecture 1 is true.
Proof. We may assume that X is a Banach space over the real scalar field. The case of Banach spaces over the complex scalar field is a consequence. In fact, it can be proved (using complexification) that P : X → Y is an absolutely (p 1 , p 2 )-summing polynomial if and only if its complexification P : X → Y is absolutely (p 1 , p 2 )-summing (the proof follows the lines of [19, Proposition 4 .30]). So, if P : X → Y is not absolutely (p 1 , p 2 )-summing, the same occurs to its complexification. Now, let us consider m ≥ 4 even and r < m.
So, if we had P as( r m ;r) ( m X) = P( m X), the theorem would imply that id X is (
, r)-summing and it is impossible by invoking the Dvoretzky-Rogers Theorem. Now, suppose that m ≥ 5 is odd and m − 1 > r.
So, applying the result for even integers, we conclude that
and from Lemma 2 we know that (3.2) implies
Note that a similar reasoning gives some information for the cases m = 2 and m = 3 :
and m = 2, 3.
We suspect that the following conjecture is true:
for every m ≥ 2.
In view of the statement of Corollary 11 and invoking results from [3] (and using localization technique), possible candidates X for counterexamples to the conjecture must have the following properties: no unconditional Schauder basis, cot X = 2 and X should not be an L p space.
Example 1. Note that, for every infinite-dimensional Banach space X, we have
. . .
An abstract version of PDT
Pietsch's Domination Theorem (PDT) is one of the main results of the theory of absolutely summing operators. In the last years, many nonlinear versions of PDT appeared in different contexts (see [6, 7, 9, 11] ) with different proofs. In this note we present an abstract (and unified) nonlinear version of PDT and show that the previous versions of PDT are particular cases of our result.
for all x ∈ E and 0 < λ < 1.
Let β > 0 and K be a compact set (any compact set). Consider the map
so that (4.1) R(ϕ, 0) = 0, and suppose that
is continuous and
From now on, R will denote a map satisfying the above properties.
for all x 1 , . . . , x m ∈ E and m = 1, 2, . . . , the map f is called R β -abstract p-dominated.
Now, we prove our main result:
Then f is R β -abstract p-dominated if and only if there exist a Borel probability µ on K and a constant C ≥ 0 such that
Proof. One of the implications is simple and we omit. Assume that f is R β -abstract p-dominated. Then, there exists a constant C 1 > 0 such that
for all x 1 , . . . , x m ∈ E and m = 1, 2, . . . . In particular, note that f (0) = 0 (due to (4.1)). Let C(K) is the real Banach space of all continuous real functions on K.
For every finite set M ⊂ E, let Then, using the subhomogeneity of f and using that
we have Ψ ≤ Ψ M0 with
Note that, since K is compact, we have
for some ϕ M0 ∈ K. So, using (4.2) we get
Note that P is open, convex and non-void (every positive constant function belongs to P).
From the definition of P and from (4.4) it follows that P∩ F = φ. So, the Hahn-Banach Separation Theorem gives us µ 1 ∈ C(K) * so that for some L ∈ R,
for every g ∈ F and h ∈ P. Since f (0) = 0, we have 0 = Ψ {0} ∈ F.
for all h ∈ P. Using the continuity of µ 1 we conclude that
Since µ 1 is continuous, we conclude that
Using the continuity of µ 1 we also conclude that L = 0. In fact, µ 1 (1/k) > L ≥ 0 and hence L ≤ lim µ 1 (h k ) = µ 1 (0) = 0.
Let µ ∈ C(K) * be given by µ(ϕ) = µ 1 (ϕ) µ 1 (1) .
So, µ(1) = 1 and µ(ϕ) ≥ 0 whenever ϕ ≥ 0. From [1, Theorem 4.3.10] we can find a regular (positive) probability measure on K (which we still denote by µ) such that µ(r) = K r(ϕ)dµ(ϕ)
Now, since for every x ∈ E, we have Ψ {x} ∈ F, and we get µ(Ψ {x} ) ≤ L = 0 and the result follows.
4.1. Applications of our main result. Below, we show how Theorem 3 can be easily invoked in order to obtain, as simple corollaries, generalizations of PDT presented in [6, 7, 8, 9 , 11]:
• Pietsch Domination Theorem for absolutely p-summing linear mappings [8] :
Choose f an 1-subhomogeneous mapping, α = β = 1 and R(ϕ, x) = |ϕ(x)| and K = B E * with the weak star topology.
• Pietsch Domination Theorem for strongly p-summing mappings [9] :
Choose f an n-subhomogeneous mapping, α = β = n and R(ϕ, x) = |ϕ(x)| , with ϕ n-linear and x = (x 1 , ..., x n ) and K as in the original proof.
• Pietsch Domination Theorem for p-semi integral mappings [7] :
Choose f an n-subhomogeneous mapping, α = β = n and R(ϕ, x) = |ϕ 1 (x 1 )...ϕ n (x n )| , with ϕ = (ϕ 1 , ..., ϕ n ) and x = (x 1 , ..., x n ) and K as in the original proof.
• Pietsch Domination Theorem for α-subhomogeneous mappings [6] : R(ϕ, x) = |ϕ(x)| and K as in the original proof.
• The classical PDT for p-dominated n-linear mappings (see [11] ) is obtained as a corollary, as in [6] . In fact, since the present theorem extends the result from [6] to a more general setting, we can obtain the same corollaries from [6] .
